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. Abstract 

O ■ 

, The notions of reflection from outside, reflection from inside and signa- 

ls*') ■ ture of a billiard trajectory within a quadric are introduced. Cayley-type 

' conditions for periodical trajectories for the billiard in the region bounded 

by k quadrics in R d and for the billiard ordered game within k ellipsoids 
^5 in R d are derived. In a limit, the condition describing periodic trajectories 

of billiard systems on a quadric in R d is obtained. 

1 Introduction 

We study periodic trajectories of the following well-known integrable mechanical 
system: motion of a free particle within an ellipsoid in the Euclidean space of 
any dimension d. On the boundary, the particle respects the billiard law. To 
be more precise, let us mention some basic notions. 
' Let (Q, g) be a d-dimensional Riemannian manifold and let D C Q be a 

domain with a piecewise smooth boundary B. Let tt : T*Q — * Q be a natural 
projection and let g~ x be the contravariant metric on the cotangent bundle. 

Consider the reflection mapping r : w^ 1 B — > ir~ 1 B, p- i— > which asso- 
ciates the covector p + € T*Q, x £ B to a covector p_ £ T*Q such that the 
following conditions hold: \p + \ = \p~\, p+ — P—-LB- 

A billiard in D is a dynamical system with the phase space M = T* D 
whose trajectories are geodesies given by the Hamiltonian H(p, x) = \g~ 1 {p ) p) 1 
reflected at points x £ B according to the billiard law: r(p—) — p+. Here p- 
and p + denote the momenta before and after the reflection. 

Integrability of the billiard system within quadrics is related to classical 
geometrical properties: the Chasles, Poncelet and Cayley theorems. From the 
Chasles theorem [1] every line in M d is tangent to d — 1 quadrics confocal to the 
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boundary; all segments of one billiard trajectory are tangent to the same d — 1 
quadrics [2]. We refer to these d—1 quadrics as caustics of the given trajectory. 

From now on, we consider a billiard with a boundary which consists of 
the union of k confocal quadrics in M. d . According to the generalized Poncelet 
theorem [3], with k, d arbitrary, there exists a closed trajectory with d—1 given 
confocal caustics if and only if infinitely many such trajectories exist, and all of 
them have the same period. The periodicity of a billiard trajectory depends on 
its caustic surfaces. An important question is to find an analytical connection 
between them and the corresponding period. 

In [4], Cayley found the analytical condition for caustic conies in the Eu- 
clidean plane case [d — 2) with k = 1 conic as a boundary. The classical and 
algebro-geometric proofs of Cayley's theorem can be found in Lebesgue's book 
[5] and the paper [6], respectively. Moreover, in [5] the complete Poncelet the- 
orem for billiard systems in a plane (d = 2) within k conies, with k arbitrary, 
was proved (see also [7]). 

The generalisation of Cayley's condition for k = 1 is established by the 
authors for any dimension d [8] , by use of the Veselov-Moser discrete L — A pair 

The main goal of this paper is to give Cayley-type conditions describing 
periodic trajectories of the billiard in the region bounded by k confocal quadrics 
in R d and of the billiard ordered game within k ellipsoids in R d , for k, d arbitrary. 
The importance of these questions was underlined several times by experts; let 
us mention Arnol'd (see [1, 10]), for example, in connection with applications 
in laser technology. In a limit case, we derive analytic conditions for periodic 
billiard trajectories on a quadric in M d bounded by any finite number of quadrics, 
solving in this way a problem explicitely posed by Abenda and Fedorov [11]. 



2 Planar case: d = 2, k arbitrary 

The derivation of Cayley-type conditions for the billiard in a plane within k 
conies can be done following Lebesguc. In [5], he considered polygons inscribed 
in a conic T, whose sides are tangent to Ti, . . . , T/-, where T, Ti, . . . , Tk all belong 
to a pencil of conies. In the dual plane, such polygons correspond to billiard 
trajectories having caustic T* with bounces on r*,.. . , T^. The main object 
of Lebesgue's analysis in [5] was the cubic Cayley curve, which parametrizes 
contact points of tangents drawn from a given point to all conies of the pencil. 

We summarize Lebesgue's results as follows. Let C and T be conies of a 
pencil T and A(x) be the discriminant of the conic C + xT = 0. If Ai, . . . , A& 
denote parameters corresponding to Ti, . . . , T^, respectively, then the existence 
of the Poncelet polygon is equivalent to 



(i Ai x\ ... a? v/a(ao a 1v /a(a7) ... xr WWT) \ 



det 



V 1 A fe XI ... A£ yA(AT) X ky fA(X^ ... X p - 2 ^A(X^ ) 



= 



2 



for k = 2p 

(I Ai X\ ... A? VA(A7) A 1v /A(A7) ... Af-'v^AlJN 



det 



V 1 A fe A 2 



Afc v 7 ^) A fc yA(Al) 



= 



for k = 2p+l. 

The case with two ellipses, when the billiard trajectory is placed between 
them and the particle bounces from one to the other of them alternately, is of 
special interest. 



Corollary 1 The condition for existence of a 2m-periodic billiard trajectory 
which bounces exactly m times to the ellipse T± 
(C + jT)*, having T* for the caustic, is 



C* and m times to 





/ /o(0) /i(0) . 
m /i(0) . 


J 2m 
$2m 


-i(0) \ 
-i(0) 




det 


f (rn-l) {0) D ( 0) . 

/o(7) /i(7) 

/5(7) fid) ■ 


,(m- 
3 2m- 

f2m 
/2m 


:i } (o) 
-1(7) 
-1(7) 


= 




\ft~ 1] h) /l (m_1) (7) • 


f (m- 
12m- 


: 1 1) (7) ) 




where fj = x j (0 < j < m), f m+l = x l 1 y / A(x) (1 < 


i < m- 


-!)• 



We consider a simple example with four bounces on each of the two conies. 

Example 1 The condition on a billard trajectory placed between ellipses T\ and 
T 2 , to be closed after four alternating bounces to each of them is 

det X = 

where the elements of the 3x3 matrix X are 

X, , = -4B + 5i7 + 4C* + 3Ci 7 + 2C* 27 2 + C 37 3 



41 

A^13 
X21 
X22 
X23 
X31 
X32 
X33 



3S + B17 + 3C* + 2Ci 7 + C27 2 

2B + B l7 + 2C* + C17 

6B + 5 27 2 + 6C + 6C17 + 4C* 27 2 + 3C 3 7 3 

6B + B17 + ^27 2 + 6C + 4Ci7 + 3C 27 2 

5B + 2B xl + B 2l 2 + 5C + 3Ci 7 

AB + S 37 3 + 4C + 4Ci 7 + 4C 27 2 + 3C 37 3 

4B + B 2l 2 + B37 3 + 4C + 4Ci 7 + 3C 27 2 

4B + B l7 + B 27 2 + B37 3 + 4C + 3Ci 7 
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with Ci, Bi being coefficients in the Taylor expansions around x — and x = 7, 
respectively 

y r A(x) = Co + C lX + C 2 x 2 + ... 

y/Mx) = B + B x {x - 7) + B 2 (x - 7 ) 2 + . . . . 

3 Periodic billiard trajectories inside k confocal 
quadrics in M. d 

The complete Poncelet theorem (CPT) was generalized to the case d = 3 by 
Darboux in [12] in 1870. Higher-dimensional generalizations of CPT were ob- 
tained quite recently in [3] . The main result of the present paper is the Cayley- 
type condition for generalized CPT for d > 3, although obtained results can be 
applied immediately in the case d = 2. 
Consider an ellipsoid in R d 

^- + ••• + ^ = 1 01 > • • • > a d > 

ai a d 

and a related system of Jacobian elliptic coordinates (Ai, . . . , \d) ordered by the 
condition 

Ai > A 2 > • • • > X d . 
Any quadric from the corresponding confocal family is given by 

2 2 

Oa: -^- + -.. + ^- = 1. (1) 

ai — A ad — A 

Lemma 1 Suppose a line £ is tangent to quadrics Q ai , . . . , Q ad _ 1 from the 
family (1). Then Jacobian coordinates (Ai, . . . , A^) of any point on I satisfy the 
inequalities V{\. s ) > 0, s = 1, . . . , d, where 

P(x) = (ai - x) . . . (a d - x)(a 1 - x) . . . (a d -i - x). 

Proof. Follows from [13]. □ 

Suppose that a bounded domain C R d is given such that its boundary 
d£l lies in the union of several quadrics from the family (1). Then, in elliptic 
coordinates, is given by: 

&< Ai <(3l f3' d <Xd<Pd, 

where a s+ i < f3' s < /3" < a s for 1 < s < d — 1 and —00 < (3' d < [3' d ' < a d - 

Consider a billiard system within f2 and let Q ai , ■ ■ ■ ,Q tt j_i be caustics of 

one of its trajectories. For any s = l,...,d, the set A s of all values taken 

by the coordinate X s on the trajectory is, according to lemma 1, included in 

A' s = { A e [P' S ,P'J] : V{\) > 0}. By [14], the set A' s is a closed interval and 

coincides with A s . Denote [7^,7"] := A s = A' s . 

Note that the trajectory touches quadrics of any pair Q^^ , Q 7 » alternately. 

Thus, any periodic trajectory has the same number of intersection points with 

each of them. 
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Theorem 1 A trajectory of the billiard system within with caustics Q ai , . . . , 
Qa d -! is periodic with exactly n s points at Q 7 > s and n s points at (1 < s < d) 
if and only if 

d 

J2n s (A(P Ye )-A(P Y ,))=0 (2) 

s=l 

on the Jacobian of the curve 

r : y 2 = V(x) := (on - x) ■ ■ ■ (a d - x)(a 1 - x) ■ ■ ■ {a d -i - x). 
Here A denotes the Abel-Jacobi map, where P 7 / , P 7 « are points on T with 
coordinates P 7 , - (y„ {-If y/V^f) , Pyj = (j'J, (-l) s y/V^fj . 

Proof. Following Jacobi [15], let us consider the integrals 

f d\ s \ f \ s d\ s i—^ f Xg 1 dX s 

over the polygonal line A\A<i . . . Afe+i, which represents a billiard trajectory, 

where k = 2(m H h rid). The last integral is equal to the total length of the 

polygonal line, while the others are equal to zero. Considering the behaviour of 
elliptic coordinates along each segment of the trajectory, we calculate values of 
the integrals and obtain that the condition A/~+i = A\ is equivalent to (2). □ 

Our next step is to introduce a notion of bounces 'from outside' and 'from 
inside'. More precisely, let us consider an ellipsoid Q\ from the confocal family 
(1) such that A G (a s +i, o>s) f° r some s £ {1, . . . , d}, where a^+i = — oo. 

Observe that along a billiard ray which reflects at Q\, the elliptic coordinate 
A, has a local extremum at the point of reflection. 

Definition 1 A ray reflects from outside at the quadric Q\ if the reflection 
point is a local maximum of the Jacobian coordinate X s , and it reflects from 
inside if the reflection point is a local minimum of the coordinate X s . 

Let us remark that in the case when Q\ is an ellipsoid, the notions introduced 
in definition 1 coincide with the usual ones. 

Assume now a fc-tuple of confocal quadrics Qf) t , ■ . ■ , Qp k from the confo- 
cal pencil (1) is given. We consider a billiard system with trajectories having 
bounces at , . . . , Qp k respectively. Such a trajectory has d—1 caustics from 
the same family (1). We additionally assign to each trajectory the signature 
a = (ii, . . . , ik) by the following rule: 

i s = +1 if the reflection at Qp 3 is from inside 
i s = — 1 if the reflection at Qp s is from outside. 

Suppose Qfr, • • • , Qp k are ellipsoids and consider a billiard ordered game 
with signature a = . . . ,ik). In order that trajectories of such a game stay 
bounded, the following condition has to be satisfied: 

i s = -1 => i s +i = i s -i = 1 and (3 S+1 < (3 S , /? s _i < [3 S . 
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(Here, we identify indices and k + 1 with k and 1, respectively.) 

Theorem 2 Given a billiard ordered game within k ellipsoids Qp 1 , . . . ,Qp k with 
signature a — . . . ,ik). Its trajectory with caustics Q ai , . . . , Q ad _ 1 is k- 
periodic if and only if 

k 

Y,is(A{P 0a )-A{P a )) 

8=1 

is equal to a sum of several expressions of the form A(P a „) — A{P apl ) on the 
Jacobian of the curve T : y 2 = V(x), where Pp s — (j} s , +\fV(j3 s )^ , a = 
mm{ad, ot\, . . . , ay-i} and Q Up , Qa p , are pairs of caustics of the same type. 

When Qp 1 = ■ ■ ■ = Qp k and i\ = ■ ■ ■ = ik = 1 we obtain the Cayley-type 
condition for billiard motion inside an ellipsoid in R d . Such periodic trajectories 
were described in [8] using a different technique, based on a Veselov-Moser 
discrete Lax representation. 

We are going to treat in more detail the case of billiard motion between two 
ellipsoids. 

Proposition 1 The condition that there exists a closed billiard trajectory be- 
tween two ellipsoids and Qp 2 , which bounces exactly m times to each of 
them, with caustics Q ai , ■ ■ • , Qa d -n * s 



rank 



<m - d+l. 



Here 



f^V-Bo-B^-M-^-B^-M^-* 1<j<m _ d+1 

J 3 x d+j-l 

and y = Bq+B\(x— + . ■ ■ is the Taylor expansion around the point symmetric 
to Pfc with respect to the hyperelliptic involution of the curve T. (All notation 
is as in theorem 2.) 



4 Periodic trajectories of billiards on quadrics 

in R d 

In [16] the billiard systems on a quadric £ in R d 

<y 2 '2 

— + ••• + — = 1, a 1 >--->a d , 
ai ad 
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arc defined as limits of corresponding billiards within £, when one of the caustics 
tends to £ . The boundary of such a billiard consists of the intersection of £ with 
certain confocal quadrics Qfc, ■ . ■ , Qp k - The question of description of periodic 
trajectories of these systems was formulated as an open problem by Abenda and 
Fedorov [11]. 

By applying the limit procedure, from theorem 1, we obtain the following: 

Theorem 3 A trajectory of the billiard system constrained to the ellipsoid £ 
within ft : f3[ < X\ < (5'{, /3 / d _ 1 < ^d-i < P'd-i> w ^ caMS ^* cs Qan ■■■> 
Qa d -2> * s periodic with exactly n s bounces at each of quadrics Qy , Qy (1 < 
s < d — 2) if and only if 

d-l 

J2n s (A(P Ys ) - A(Pyj)) =0 

s=l 

on the Jacobian of the curve 

Yi : y 2 = Vi(x) := -x(ai - x) ■ ■ ■ (a d - x)(cti - x) ■ ■ ■ (a d -2 - x). 

Here P 7 /, P 1 n are the points on T\ with coordinates P 7 / = ^7^, (— l) s -\/'Pi(7s)^ , 
P K = (j^(-1) s VT^RD), with [Y s ,yj] = {A e [P' S ,P'J] : Pi (A) > 0}, 
l<s<d-2, andA(P)^(0,j o P ^,j Q P ^,...,j Q P ^). 

In the same way as in the previous section, a billiard ordered game con- 
strained to the ellipsoid £ within given quadrics Qp t , ■ ■ ■ , Qp k of the same type 
can be defined. The only difference is that now the signature a — (ii, . . . ,ik) 
can be given arbitrarily, since trajectories are bounded, lying on the compact 
hypersurface £ . Denote by Q ail ■ ■ ■ , Qu d _ 2 the caustics of a given trajectory 
of the game. Since quadrics Q^, ■ ■ ■ ,Qp k are all of the same type, there exist 
//', fi" in the set S = {ai, . . . ,a d ,ai, . . . , a d ~ 2 } such that 0i,...,/3k € [//', (Jt"] 
and (/j,', fj,") (~1 S is empty. 

Associate with the game the following divisors on the curve IV 



V s = I 







if i s 


= i s +i = 1 









if i s 


= -i s +i = 


1, (3 S < (3 S+1 or i s = -i s+1 =-l,(3 s > (3 S+1 


< i> 




if i s 


= -i s +i = 


1,/3 S >/3 s+1 




-i> 


if i s 


= -i s +i = 


— 1, (3 S < (3 s+ i 






if i s 


= i s +i = - 


1, 



where P^ and P^i are its branching points with coordinates (//, 0) and (//', 0), 
respectively. 

Theorem 4 Given a billiard ordered game constrained to £ within quadrics 
Ql3 lt - ■ ■ , Q/3 k with signature a — (ii, . . . ,ifc). Its trajectory with caustics Q ai , 
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■■■> Qa d - 2 * s k-periodic if and only if 



Y,is(A{P 0a )-A{V s )) 



8=1 



is equal to a sum of several expressions of the form A(P ap ) — A(P apl ) on the 

Jacobian of the curve Ti : y 2 = Vi(x), where Pp s = ^/3 S , +y/P~i {flTfj and Q Up , 
Qa p , are pairs of caustics of the same type. 

Proposition 2 Consider the case d = 3 and a billiard system constrained to 
the ellipsoid £ with the boundary Q 7 and caustic Q a , 03 < 7 < a < a<i- A 
trajectory is k-periodic if: 



rank 



/ Cp+i Cp+2 
Cp+2 Cp+3 

\ C*2p C2p+1 



C2p-2 
C*2p-1 



< p - 2 k = 2p 



C^p-z J 



and 



rank 



/ Cp+i Cp+2 
Cp+2 Cp+3 

\ C2p C2p+1 



C2p-i 

C2p 



< p - 1 k = 2p + 1 



where 



y = Co + C 1 [x- 



a — 7, 

is the Taylor expansion with respect to x 



C-Zp-2 J 

+ C 2 (x 



a — 7 



1 



a — x 



around the point P 7 . 



5 Conclusion 

As an important historical remark, we would like to emphasize the significance of 
Darboux's contribution to the study of problems related to generalized Poncelet 
theorem. The impression is that his work in the field (see [12]) is completely 
unkonown nowadays. We shall present in another publication a more detailed 
overview of Darboux's ideas with comparison to the Lebesgue geometric ap- 
proach and applications to separable perturbed problems [17, 18]. 
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